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Abstract
We show that if f : Ar
Q¯
→ Ar
Q¯
is a regular self-map and P ∈ Ar(Q¯)
has lim supn∈N
log haff (f
nP )
logn < 1/r, where haff is the affine logarithmic
Weil height, then N partitions into a finite set and finitely many full
arithmetic progressions, on each of which the coordinates of fnP are
polynomials in n.
In particular, if (fnP )n∈N is a Zariski-dense orbit, then either r = 1
and f is of the shape t 7→ ζt+c, ζ ∈ µ∞, or else lim supn∈N
log haff (f
nP )
logn ≥
1/r. This inequality is the exponential improvement of the trivial
lower bound obtained from counting the points of bounded height in
Ar(K).
1. Introduction
1.1. In the appendix to our preprint [5] we formulated a precise conjec-
tural criterion for the algebraicity of a formal function on a projective curve
over a global field. For the case of the projective line, this criterion general-
izes simultaneously the classical Po´lya-Bertrandias criterion (cf. Amice [1],
Ch. 5), on the one hand, and a conjecture of I. Ruzsa [7, 6, 10, 4], on the
other hand. In [5] (3.2 in loc. cit.) we proved a weak variant of this con-
jecture with the purpose of applying it to a case of a generalization of the
“Hadamard quotient theorem” to higher genus and positive equicharacteris-
tic (Theorem 1.7 in loc. cit.). In the present note we prove another weak
variant, and apply it to obtain a lower bound on the growth of an orbit under
a regular iteration of affine space.
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1.2. We need to settle some notation before we can state our result.
In what follows we denote by h(·) : Q¯× → R≥0 the absolute logarithmic
Weil height, whose definition we recall next. For p a finite rational prime
let | · |p by the p-adic absolute value on Q normalized by |p|p = 1/p, while
for p = ∞ we consider the ordinary (archimedean) absolute value. For v
a place a number field K lying over the place p of Q, and for x ∈ K, let
|x|v := |NKv/Qp(x)|
1/[K:Q]
p . For x = [x0 : x1 : · · · : xr] ∈ P
r(K) we then have
h(x) :=
∑
v
max
j
log |xj |v.
This definition is independent of the choice of the number field K. Viewing
Ar(Q¯) as the affine piece [1 : x1 : . . . : xr] in P
r(Q¯), we consider the affine
height haff(α1, . . . , αr) := h([1 : α1 : · · · : αr]). Finally, we write as usual
h(α) = haff(α) for α ∈ Q¯ = A
1(Q¯).
For a polynomial F ∈ K[x] in several variables over K, we write h(F ) for
the height of its set of coefficients, viewed as a point in a projective space.
For F =
∑
n≥0 ant
n ∈ K[[t]], let F/N :=
∑N
n=0 ant
n ∈ K[t] be the polynomial
truncation modulo tN+1.
1.3. To motivate our result we make the following trivial observation. If
a point P ∈ Zr has infinite orbit under a set-theoretic mapping f : Zr → Zr,
then Hn := max0≤i≤n exp(h(f
iP )) satisfies (2Hn + 1)
r > n, whence, in the
limit,
lim sup
n∈N
haff(f
nP )
logn
≥ 1/r.
The result of this note is that when the mapping f has an algebraic structure,
and outside of a degenerate situation, this trivial inequality can be improved
exponentially.
Theorem 1.4. Consider regular maps f : Ar
Q¯
→ Ar
Q¯
and λ : Ar
Q¯
→ A1
Q¯
.
Let P ∈ Ar(Q¯) be a point such that
lim sup
n∈N
log h(λ(fnP ))
logn
< 1/r.
Then there is a d ∈ N and polynomials p0, . . . , pd−1 ∈ Q¯[x] such that λ(f
nd+iP ) =
pi(n) for all i = 0, . . . , d− 1 and n≫ 0.
The following is an immediate corollary, obtained by taking λ to be the
coordinate projections.
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Corollary 1.5. In the setup of Theorem 1.3, either the Zariski closure
of the orbit (fnP )n∈N is a union of rational curves in A
r, or else
lim sup
n∈N
log haff(f
nP )
logn
≥ 1/r.
Another corollary arises in taking f to be a recurrence of the form
(x1, . . . , xr−1, xr) 7→ (x2, . . . , xr, p(x1, . . . , xr))
and λ the projection onto the last coordinate.
Corollary 1.6. Consider a sequence A : N → Z satisfying a finite
polynomial recurrence A(n + r) = p(A(n + r − 1), . . . , A(n)), where p ∈
Z[T1, . . . , Tr]. Then either
lim sup
n∈N
log log |A(n)|
logn
≥ 1/r,
or else there is a d ∈ N such that each of the sequences (A(nd + i))n≥0,
0 ≤ i < d, is a polynomial for n≫ 0.
We will derive Theorem 1.4 from a criterion for the rationality of a formal
function on the projective line, which we formulate and prove in the next
section. Results of this type date back to the short paper [9] by U. Zannier.
2. A rationality criterion
In what follows, K is a number field and S a finite set of places of K
including all archimedean places. The following is a particular case of the
conjecture formulated in the appendix to [5].
Conjecture 2.1. Consider F ∈ OK,S[[t]] a formal power series with S-
integral coefficients which has a positive radius of convergence Rv > 0 at each
place v of K. For each prime (closed point) s ∈ SpecOK let hs ∈ N0 ∪ {∞}
be +∞ if either s ∈ S or the reduction F mod s ∈ k(s)[[t]] is not in k(s)(t);
and the degree of the rational function F mod s otherwise. If
∑
v
logRv + lim inf
n∈N
{ 1
n
1
[K : Q]
∑
s:hs<n
log |k(s)|
}
> 0, (1)
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then the power series F ∈ K(t) is rational.
This conjecture is sharp, in the sense that there are uncountably many
power series F for which the quantity on the left-hand side of (1) is zero.
It extends an old conjecture of I. Ruzsa [7], and appears intractable to our
current techniques. In this section we prove the following crude variant.
Proposition 2.2. Let η > 0. In the setup of Conjecture 2.1, assume
instead that the inequality
1
[K : Q]
∑
s :hs<n/(2+η)
log |k(s)| >
3
2
log n+
(
1 +
1
η
)
h(F/n) +
1
2
log |DK/Q| (2)
holds for all n≫ 0. Then F ∈ K(t) is rational.
Proof. The proof is a variant of that presented to the algebraicity
criterion 3.2 in [5]. Without loss of generality we may assume η to be rational.
Letting L be a large integer parameter such that ηL ∈ Z, Siegel’s lemma (see
3.1 in [5] and the references therein) for M := L equations in N := (1 + η)L
unknowns yields polynomials P ∈ K[t] and Q ∈ K[t] \ {0} of degrees less
than (1 + η)L such that
Q(t)F (t)− P (t) ≡ 0 mod t(2+η)L (3)
and
h(Q) ≤
1
2
logN +
1
2
log |DK/Q|+
1
η
h
(
F/(2+η)L
)
. (4)
It follows from (2) and (4) that there is an L <∞ such that all n ≥ (2+ η)L
satisfy
1
[K : Q]
∑
s:hs<n/(2+η)
log |k(s)| > logN + h(Q) + h(F/n). (5)
We claim that then F = P/Q, hence F is rational. Assuming otherwise,
let n be the minimum integer such that Q(t)F (t) − P (t) 6≡ 0 mod tn; by
construction, n > (2+η)L. Consider a prime s of K with hs < n/(2+η), and
write Fs := As/Bs the reduction at s, with As, Bs ∈ k(s)[t], degAs, degBs <
n/(2+ η). Then, denoting by a tilde the reduction at s, we have As(t)Q˜(t)−
Bs(t)P˜ (t) ≡ 0 mod t
n−1. The degree of this polynomial is less than (1 +
η)L + n/(2 + η), which by our assumption n > (2 + η)L does not exceed
4
n−1. It follows that the polynomial is identically zero, hence the coefficients
of Q(t)F (t)− P (t) all reduce to zero at s.
On the other hand, we have assumed that tn appears with a non-zero
coefficient c ∈ K \ {0} in Q(t)F (t)− P (t). (This is just the coefficient of tn
in Q(t)F (t).) Thus the product formula yields∑
all v
− log |c|v = 0. (6)
At the places corresponding to the primes s with hs < n/(2+η), the previous
paragraph shows that the contribution to (6) is at least 1
[K:Q]
log |k(s)|. The
absolute value of the sum of the remaining contributions does not exceed
h(c), and (6) yields the lower bound
h(c) ≥
1
[K : Q]
∑
s:hs<n/(2+η)
log |k(s)|. (7)
To estimate h(c) from above, we use the easy bound
h(α1 + · · ·+ αr) ≤ log r +
∑
v
max
j
log+ |αj|v,
applied to the sum defining c as the coefficient of tn in Q(t)F (t). We obtain:
h(c) ≤ logN + h(Q) + h(F/n). (8)
Taken together with (7) this contradicts (5), thus forcing F = P/Q as
claimed.
3. Proof of Theorem 1.4
There is a number field K and a finite set S of its places, including all
archimedean places, such that the triple (f, λ, P ) has a model over OK,S. We
will apply Proposition 2.2 to the formal power series Φ :=
∑
n≥0 λ(f
nP )tn ∈
OK,S[[t]]. If the power series Φ is rational, the conclusion of Theorem 1.4
follows from the explicit descriptions of coefficients of rational power series
as confluent power sums. If Φ is not rational, Proposition 2.2 with η := 1
implies the lower bound inequality
h(Φ/n) ≥
1
2[K : Q]
∑
s :hs(Φ)<n/3
log |k(s)| −O(logn) (9)
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for infinitely many n ∈ N. On the other hand, for s /∈ S a prime of K, the
iteration f : ArOK,S → A
r
OK,S
reduces mod s to an iteration f mod s : Ark(s) →
Ark(s) over a set with |k(s)|
r elements, hence hs(Φ) ≤ 2|k(s)|
r. Consequently,
by the prime number theorem, (9) yields
h(Φ/n) ≥
1
3
(n/6)1/r for arbitrarily large n ∈ N. (10)
We have h(Φ/n) ≤ |S|maxj≤n h(λ(f
jP )), and the conclusion of the theorem
follows from (10).
4. Two conjectures
We end this note by recording two conjectures related to the setup of
Theorem 1.4. Problems of this type have been posed by J.H. Silverman
in [8].
Conjecture 4.1. Let X be a complex projective variety, f : X 99K X
a rational self-map, λ : X 99K P1 a non-constant rational function, and P ∈
X(C) a point with well-defined forward orbit. Then the set {n | λ(fnP ) =
0} ⊂ N0 is the union of a finite set with finitely many full arithmetic pro-
gressions.
Conjecture 4.2. Let A/Q¯ be an abelian variety and λ : A 99K P1 a
non-constant rational function. Consider a point P ∈ A(Q¯). If h
(
λ([n]P )
)
=
o(n2) then there is a surjective homomorphism A։ B to an abelian variety
mapping P to a torsion point.
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